If an effect measure is more homogeneous than others, then its value is more likely to be stable across different subgroups or subpopulations. Therefore, it is of great importance to find a more homogeneous effect measure that allows for transportability of research results. For a binary outcome, applied researchers often claim that the risk difference is more heterogeneous than the risk ratio or odds ratio, because they find, based on evidence from surveys of meta-analyses, that the null hypotheses of homogeneity are rejected more often for the risk difference than for the risk ratio and odds ratio. However, the evidence for these claims are far from satisfactory, because of different statistical powers of the homogeneity tests under different effect scales. For binary treatment, covariate and outcome, we theoretically quantify the homogeneity of different effect scales. Because when homogeneity holds the four outcome probabilities lie in a three dimensional sub-space of the four dimensional space, we can use results from differential geometry to compute the volumes of these three dimensional spaces to compare the relative homogeneity of the risk difference, risk ratio, and odds ratio. We demonstrate that the homogeneity space for the risk difference has the smallest volume, and the homogeneity space for the odds ratio has the largest volume, providing some further evidence for the previous claim that the risk difference is more heterogeneous than the risk ratio and odds ratio.
Introduction
Practitioners are often interested in generalizing their finding across different subgroups or populations. This transportability problem (Pearl and Bareinboim 2014; Keiding and Louis 2016 ) relies on homogeneity of the effect measure across these subgroups or subpopulations. However, homogeneity, or equivalently the absence of interaction, is scale dependent as documented in the classical psychology literature (Krantz and Tversky 1971; Bogartz 1976; Loftus 1978) and statistics literature (Box and Cox 1964; Cox 1984; Darroch and Borkent 1994; de Gonz'alez and Cox 2007) . For recent discussion, see Wagenmakers et al. (2012) , Ding et al. (2016) and Keiding and Louis (2016) . Therefore, if the treatment effect is more homogeneous under one scale, then it would be preferable to use this scale as a measure of the treatment effect for transportability across populations. For a binary outcome, according to Poole et al. (2015) 's review, clinical reports and general guidelines often assert that the treatment effect is more heterogeneous under the risk difference scale than under the risk ratio and odd ratio scales. These claims in the literature are based on surveys of meta-analyses showing that rejections of the null hypotheses of homogeneity, or equivalently the absence of interaction, happen more often under the risk difference scale than under the risk ratio and odds ratio scales. However, the evidence for these claims are not satisfactory, because different rejection rates of the null hypotheses of homogeneity may simply due to different statistical powers of tests. This is true even when there is no effect in one of the two subpopulations so that there is effect heterogeneity on all scales and arguably to the same degree (Poole et al. 2015) .
Recognizing this gap in the literature, for binary treatment, covariate and outcome, we use results from differential geometry to quantitatively compare the relative homogeneity of the risk difference, risk ratio and odds ratio. Our comparison has three aspects. First, homogeneity, or no interaction, restricts the four outcome probabilities to be in the three dimensional space. For different effect measures, these spaces have different domains with different vol-umes. We find that the volume of the domain is the smallest for the risk difference, and is the largest for the odds ratio. This finding quantifies more exactly the corresponding fact that once three outcome probabilities are fixed, it is always possible to find a fourth that would lead to odds ratio homogeneity but that it is not always possible to do so for the risk ratio and risk difference scales. Second, although these three spaces of homogeneity have measure zero in the four dimensional space, they have positive volumes in the three dimensional space. Our calculation shows that the volume of the subspace is the smallest for the risk difference, and is the largest for the odds ratio. This theoretical result demonstrates that odds ratio homogeneity holds for relatively more values of the outcome probabilities than risk ratio homogeneity, which further holds for more values of the outcome probabilities than risk difference homogeneity. Third, we compare the volumes of the acceptance regions of Wald-type tests against the null hypotheses of homogeneity for the risk difference, risk ratio and odds ratio, finding that the acceptance region has the smallest volume for the risk difference, and has the largest volume for the odds ratio. This result thus partially also explains the reason why the null hypotheses of homogeneity were rejected more often for the risk difference than for the odds ratio, a phenomenon that arises repeatedly in surveys of meta-analyses (Katerndahl and Lawler 1999; Engels et al. 2000; Sterne and Egger 2001; Deeks 2002; Deeks and Altman 2003) .
The remainder of the paper proceeds as follows. Section 2 introduces the notation and definitions for homogeneity and interaction, and states our evidence for the claim that the risk difference seems more heterogeneous than the risk ratio and odds ratio. For the risk difference, risk ratio and odds ratio, Section 3 compares the volumes of the domains of the spaces of homogeneity of the outcome probabilities; Section 4 compares the volumes of the spaces of homogeneity of the outcome probabilities; Section 5 compares the volumes of the acceptance regions of the Wald-type tests for the null hypotheses of homogeneity. We conclude in Section 6.
Notation, Definitions, and Conclusion
Assume that we have binary treatments or covariates G and E, and a binary outcome Y.
Define the outcome probability as p ge = P(Y = 1 | G = g, E = e) for g, e = 0, 1. In some cases, G and E may be the gene and environment exposures, and we are interested in geneenvironment interaction. In other cases, G may be a binary covariate and E a binary exposure or treatment, and we are interested in the differential treatment effects of E on the outcome Y given different levels of G. Based on the four outcome probabilities P = (p 11 , p 10 , p 01 , p 00 ), we introduce concepts of interaction under different effect scales (Darroch and Borkent 1994; VanderWeele 2015) . For instance, we say that there is no interaction between G and E on the risk difference scale if
there is no interaction between G and E on the risk ratio scale if
there is no interaction between G and E on the odds ratio scale if
We say that the treatment effect of E on the outcome Y is homogeneous across groups of G, if there is no interaction between G and E. Clearly, the definition of homogeneity is scale dependent. It is possible that the treatment effect of E on the outcome Y is heterogeneous under all scales; it is also possible that the treatment effect of E on the outcome Y is homogeneous under one scale, but heterogeneous under another scale.
One important question is under which scale the treatment effect is more homogeneous.
This question has profound impact in practice, because under a more homogeneous scale the treatment effect is more likely to be transportable to other subgroups or subpopulations.
Below, we quantitatively compare the three effect scales in three ways, providing theoretical evidence for the claim that the risk difference is more heterogeneous than the risk ratio and odds ratio.
Domains of the Homogeneity Spaces
Assume P ∈ (0, p) 4 , which lies in a four dimensional space. If we do not impose any restrictions on the ranges of the probabilities, then we can take p = 1; if we consider only rarer outcomes, then we can take p to be a smaller number, e.g., p = 0.1.
In the absence of interaction on the risk difference scale, p 00 = −p 11 + p 10 + p 01 is a deterministic function of p 11 , p 10 and p 01 . Because the probabilities are bounded between 0 and p, this deterministic relationship restricts p 11 , p 10 and p 01 to be within the following region:
In the absence of interaction on the risk ratio scale, p 00 = p 10 p 01 /p 11 is a deterministic function of p 11 , p 10 and p 01 , which have the following constraints:
In the absence of interaction on the odds ratio scale, the deterministic relationship p 00 /(1−
, p 10 and p 01 to be within the following region:
We can see that the homogeneity spaces have different domains for different effect scales.
When p = 1, there is no restrictions on the outcome probabilities on the odds ratio scale, and
is simply (0, 1) 3 ; however, the restrictions on the outcome probabilities exist for any values of p on the risk difference and risk ratio scales.
Define the volumes of the domains
We first argue, based on the volumes of these domains, that the risk difference is more heterogeneous than the risk ratio and odds ratio.
Theorem 1. The three dimensional volume of the domain
the three dimensional volume of the domain .
We present the formula of F o (p) in the Appendix, and the numerical values of F o (p)
are computed via both Monte Carlo and numerical integration. Note that p 3 is the reference volume of the region (0, p) 3 . From the above theorem, at p ≤ 0.1, the volumes of the domains are both 3/4 under the risk ratio and odds ratio scales, because p ≤ 0.1 corresponds to the rare outcome cases, and the risk ratio and odds ratio are very close. At p = 1, the volumes of the domains are 2/3, 3/4 and 1 under the risk difference, risk ratio and odds ratio, respectively.
Volumes of the Homogeneous Spaces
In the absence of interaction on the risk difference scale, P lies in the following three dimensional space:
in the absence of interaction on the risk ratio scale, P lies in the following three dimensional space:
in the absence of interaction on the odds ratio scale, P lies in the following three dimensional space:
In the four dimensional space (0, p) 4 , the three dimensional sub-spaces S a (p), S m (p) and Again, for p ≤ 0.1, the volumes of the homogeneity spaces for the risk ratio and odds ratio are the same; for any value of p, the volumes of the homogeneity spaces for the risk difference, risk ratio, and odds ratio are in an increasing order; at p = 1, the three dimensional volumes of the homogeneity spaces are 1.33, 1.76 and 2.47 for the risk difference, risk ratio and odds ratio, respectively.
The differences of the three dimensional volumes are due to two reasons. First, the domains of the three spaces F a (p), F m (p) and F o (p) have different volumes as shown in Theorem 1. Second, the spaces S a (p), S m (p) and S o (p) have different "curvatures", which result in the differences of the volumes after taking account of the differences in the domains.
We summarize this result in the following Corollary. .
By comparing the ratio between the volumes of the three dimensional spaces and their domains, the risk difference is still the most heterogeneous.
Heterogeneity Comparison Based on Statistical Inference
The above theoretical results discuss the properties of the effect scales ignoring issues of statistical inference. In practice, there is another level of heterogeneity due to sampling vari- .
We consider the Wald-type tests of significance level α, with C α = {Φ −1 (α/2)} 2 and logit(x) = log{x/(1 − x)}. These three acceptance regions are
Although explicit formulas of these four dimensional volumes are not straightforward to obtain, it is easy to compute their numerical values by using Monte Carlo. Assume that n ge 's have the same size n. Table 1 shows the volumes of the regions R a , R m and R o for different sample sizes, from which we can see that the acceptance region of the null hypothesis of homogeneity has the smallest volume for the risk difference, and has the largest volume for 
Discussion
It is often believed that the risk difference is more heterogeneous than the risk ratio and odds ratio. Previously, the evidence for this belief is based on the rejection rates of the tests against the null hypotheses of homogeneity for difference effect scales, which is not adequate either empirically or theoretically. Through theoretical calculations, we provide additional evidence for the claim that the risk difference is more heterogeneous than the risk ratio and odds ratio,
by showing that the homogeneity space for the risk difference has the smallest volume of domain, the smallest three dimensional volume, and the smallest volume of the acceptance region based on the Wald-type test. However, to argue that in reality the risk difference is more heterogeneous using the theoretical calculations here we would effectively have to assume that the outcome probabilities are uniformly distributed, an assumption that may not correspond to the empirical distributions of the outcome probabilities encountered in practice.
For practical problems, it may be more useful to gather some prior information about the distributions of the outcome probabilities, and compute the volumes of the domain or spaces weighted by these prior distributions. However, to do this, one would also have to specify the domains of the empirical settings under consideration (e.g., disciplines, exposures, outcomes, etc). A uniform distribution of outcome probability seems the only one natural choice a priori.
However, empirical evidence, perhaps collected and compared across disciplines, might given further evidence as to which effect measure is the most heterogeneous.
A.1 A Lemma
The following lemma is a known result in the literature, but we give an elementary proof. where Γ has orthonormal column vectors, and U is an upper-triangular matrix. In the construction of the QR decomposition, the diagonal elements of U are the lengths of P ⊥ 1:( j−1) α j for j = 1, . . ., p. Therefore,
A.2 Computing F a (p) and V a (p)
For ease of notation, we use (x, y, z, w) = (p 11 , p 10 , p 01 , p 00 ) and first assume p = 1. We simply denote S a (1) and V a (1) by S a and V a . All vectors are column vectors. The set S a represents a mapping from a three dimensional set to the four dimensional space, written as
First, we need to find the domain of the mapping f a . Because x, y, z, w = −x + y + z ∈ (0, 1), the domain of f a is
Second, we need to find the infinitesimal volume spanned by the following three vectors corresponding to the directions of (dx, dy, dz):
Lemma A.1 implies that the infinitesimal volume spanned by the vectors in (A.1) is
Therefore, the three dimensional volume of S a is (y + z) dy dz + 2 0<y,z<1,y+z>1
where the last line follows from integrals of simple polynomials.
If the probabilities are bounded by general p ∈ (0, 1], then the domain becomes
and the volume becomes
dx dy dz.
Applying the transformations x ′ = x/p, y ′ = y/p and z ′ = z/p, the above integral becomes
From the above calculation, we know that F a (p) = V a (p)/2 = 2/3 × p 3 .
A.3 Computing F m (p) and V m (p)
Again we use (x, y, z, w) = (p 11 , p 10 , p 01 , p 00 ), and first assume p = 1. We simply denote S m (1) and V m (1) by S m and V m . The set S m represents a mapping from a three dimensional set to the four dimensional space, written as
First, we need to find the domain of the mapping f m . Because x, y, z, w = yz/x ∈ (0, 1),
For convenience in later calculation, we express F m in the following form:
It is straightforward to show that the above two forms of F m are equivalent.
Lemma A.1 implies that the infinitesimal volume spanned by the vectors in (A.2) is
Therefore, the three dimensional volume of S m is 
the volume of S m becomes
Because of the following two integrals
If the probabilities are bounded by general p, then the domain becomes
(1 + y 2 /x 2 )(1 + z 2 /x 2 ) dx dy dz.
The volume of the domain F m (1) is
For general p, similar to the discussion in Section A.2, the volume of
A.4 Computing F o (p) and V o (p)
Again we use (x, y, z, w) = (p 11 , p 10 , p 01 , p 00 ).
with derivatives h ′ (u) = 1/(1 − u) 2 and g ′ (c) = 1/(1 + c) 2 . The set S o represents a mapping from a three dimensional set to a four dimensional space, written as
First, we need find the domain of the mapping f o . Because h(x), h(y), h(z), h(w) = h(y)h(z)/h(x) ∈
(0, h(p)), the domain of f o is
For notational simplicity, define Second, we need to find the infinitesimal volume spanned by the following three vectors corresponding to the directions of (dx, dy, dz): dx dy dz, which is complex, but can be evaluated numerically.
k(x, y, z) = g ′ h(y)h(z) h(x) h(y)h(z) h(x) = 1 + h(y)h(z) h(x)
−∂ f o ∂ x dx =     1 0 0 −kl x     dx, ∂ f o ∂ y dy =     0 1 0 kl y     dy, ∂ f o ∂ z dz =     0 0 1 kl z     dz. (A.5) Let A o (x, y, z) = ∂ f m ∂ x , ∂ f m ∂ y , ∂ f m ∂ z =
